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We theoretically investigate the indirect signatures of the tilted anisotropic Dirac cones on
Ruderman-Kittel-Kasuya-Yosida (RKKY) exchange interaction in a two dimensional polymorph
of boron atoms. Unlike the case of isotropic non-tilted Dirac material-graphene, here we observe
that the tilting of the Dirac cones exhibits a significant impact on the RKKY exchange interaction
in terms of the suppression of oscillation frequency. The reason can be attributed to the behavior of
the Fermi level and the corresponding density of states with respect to the tilting parameter. The
direct measurement of the period of the RKKY interaction can thus be a possible probe of the tilt
parameter associated with the tilted Dirac cones. We also obtain the direction dependent analytical
expressions of the RKKY exchange interaction, in terms of Meijer G-function. However, the effects
due to tilting of the Dirac cones on the RKKY interaction depend on the spatial alignments of the
two magnetic impurities with respect to the direction of tilting.
I. INTRODUCTION
With the advent of graphene1,2, monolayer materials
with similar band structure have been under active con-
sideration from the theoretical and experimental research
point of view owing to their future application in nano-
electronics. Along this direction, a thin layer of boron
atoms called borophene is the latest addition to the famil-
ity of Dirac materials. Having one less electron than
carbon, boron’s honeycomb structure is unstable. How-
ever, it can be stabilized by adding extra boron atoms in
the honeycomb lattice. First principle calculations have
predicted that depending on the arrangements of the ex-
tra boron atoms, various stable monolayer-boron struc-
tures, such as α sheet, β sheet, are possible3–5. In re-
cent times, Mannix et al. reported a stable striped phase
and a metastable homogeneous phase in two-dimensional
(2D) boron silver substrate6 while Feng et al. has experi-
mentally confirmed the presence of Dirac fermions in this
phase, named β12 sheet
7. The 8-Pmmn borophene is one
of the most recent 2D polymorph of boron atoms, which
is predicted to host tilted Dirac cones8.
The RKKY exchange interaction9–11 is an indirect ex-
change coupling between two magnetic impurities being
mediated by the conduction electrons of the host mate-
rial. Since the RKKY exchange interaction is directly
related to the susceptibility of the host material, it can
be used as a probe to an electronic system. In recemt
times, the physics of RKKY exchange interaction has
been widely investigated in a variety of Dirac materials
such as graphene12–18, silicene19, phosphorene20,21, topo-
logical insulator22–25, Dirac semimetal26,27 etc.
Formally, the magnitude of the RKKY exchange in-
teraction is anticipated to be severely influenced by the
position of the Fermi level and the corresponding density
of states (DOS) in any host material. In this context,
the tilting of the Dirac cone can modify DOS as well as
Fermi level19,28 near the Dirac point in anisotropic Dirac
materials. Hence, the features of the RKKY interaction
can carry the signatures of the tilting nature of the Dirac
cones. This issue has not been addressed so far to the
best of our knowledge.
In this work, we explore the consequences of the tilted
and anisotropic Dirac cones on the RKKY exchange in-
teraction, considering 8-Pmmn borophene as a host ma-
terial. We obtain semi-analytical results of the RKKY
exchange interaction for two different spatial separation
of the magnetic impurities: two impuries are located per-
pendicular to the tilt axis and parallel to the tilt axis. For
the former case, interference between the Dirac fermions
from different valleys do not contribute to the oscillation
frequency and the period of oscillation increases as one
enhances the value of the tilt parameter. This change of
oscillation frequency may be a possible way to probe the
degree of tilting of the Dirac cone present in anisotropic
Dirac materials such as 8-Pmmn borophene. On the
other hand, for the separation of the two impurities being
along the tilt axis (along the y axis), interference among
the Dirac cones plays a dominant role in determining
the period of oscillation and tilting parameter exhibits
negligible effect on the corresponding period. We also
demonstrate the role of tilted and anistropic Dirac cone
on Fermi level which in turn influences the RKKY ex-
change interaction. Behavior of RKKY exchange inter-
action is also investigated numerically for two spatially
separated magnetic impurities in the x-y plane of the 2D
borophene sheet.
The remainder of the paper is structured as follows. In
Sec. II, we describe the model Hamiltonian for our setup
and present a brief outline of the Greens function for-
malism to obtain the RKKY exchange interaction. The
behavior of RKKY interaction, as a function of distance
between the two magnetic impurities as well as tilting
parameter, for different alignements of the impurities is
presented in Sec. III. Finally, we summarize our results
and conclude in Sec. IV.
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FIG. 1. (Color online) Schematic of the lattice structure of
8-Pmmn borophene. Big blue (dark gray) circles and small
red (light gray) circles distinct two types of nonequivalent
atoms BR (ridge atom) and BI (inner atom) respectively. The
unit cell, comprising of 8 atoms, is shown by dashed black
rectangle. Magnetic impurities are schematically shown by
golden (light gray) and dark green (dark gray) arrows. Bot-
tom (golden) arrows are aligned perpendicular to the tilt axis
(x axis) while the left arrows (golden and dark green) are
located along the tilt axis (y axis) inside the 2D sheet.
II. MODEL AND METHOD
The 2D lattice structure of 8-Pmmn borophene con-
sists of two kinds of nonequivalent atoms, namely, ridge
atoms (BR) and inner atoms (BI)
8. The corresponding
lattice structure is characterized by the lattice parame-
ters: a = 4.51 A˚ and b = 3.25 A˚29,30 and schematically
shown in Fig. 1. Here the unit cell is depicted by the
dashed black rectangle (see Fig. 1).
Although the complete tight-binding model for 8-
Pmmn borophene is quite tedious, a low energy effective
Hamiltonian has been recently put forwarded by Zabolot-
skiy and Lozovic30 using symmetry consideration and has
been successively implemented in a series of theoretical
works exploring anisotropic plasmon31, valley dependent
integer quantum Hall effects32, Weiss oscillation33, Klein
tunneling34, optical conductivity35 etc. in this 2D ma-
terial. Hence, we begin with a general low energy two
band effective Hamiltonian for 2D Dirac materials asso-
ciated with anisotropic Dirac cone, which can be written
as (near the Dirac points k = ±kD)
HD = ξ(vxσxqx + vyσyqy + vtσ0qy) , (1)
where σx, σy are the Pauli matrices in the atomic basis
and σ0 is a unit matrix. We have chosen ~ = 1. Here,
ξ = ±1 is the valley index and vi (i = x, y) corresponds
to the velocities along ith direction, while vt denotes the
velocity scale associated with the tilted Dirac cones. Note
that the tilting is along the y-direction. The different
velocity parameters are given by {vx, vy} = {0.86, 0.69}
and vt = 0.32 in units of 10
6 m/sec29,30. The above
Hamiltonian can be further written as
HD = ξ[vtσ0qy + vF (σxq˜x + σy q˜y)] , (2)
where vF =
√
vxvy. The new momentum operators
are given by q˜x =
√
vx
vy
qx and q˜y =
√
vy
vx
qy which sat-
isfy the usual quantum mechanical commutation relation
[q˜x, q˜y] = 0 and [x˜, q˜x] = i, [y˜, q˜y] = i provided x˜ =
√
vy
vx
x
and y˜ =
√
vx
vy
y . The corresponding energy dispersion is
given by36
E(q˜x, q˜y) = ξvt
√
vx
vy
q˜y + λvF | q˜ | . (3)
Here, λ = ± denotes band index. However, as we re-
strict ourself in the n-doped regime (conduction band),
therefore λ is always positive in our analysis. The band
structure near the Dirac point k = kD is shown in
Fig. 2(a). The band dispersion around the other val-
ley k = −kD has opposite chirality i.e., tilting lies in
the opposite direction. It is important to note that the
tilting breaks particle-hole symmetry in borophene29,30.
Before proceeding further, we briefly examine how the
tilting of the Dirac cones affects the Fermi energy and
density of states (DOS). The Fermi energy (EF ) and
DOS (ρ(E)) in a material, associated with tilted and
anisotropic Dirac cone, depend on the tilting parameter
vt in the following way
EF (vt) = E
(0)
F
(
1− v
2
t
v2F
) 3
2
, (4)
ρ(E, vt) = ρ
(0)(E)
(
1− v
2
t
v2F
)− 32
, (5)
where E
(0)
F and ρ
(0)(E) are the Fermi level and the DOS
of a non-tilted isotropic Dirac material-i.e., graphene, re-
spectively and vF =
√
vxvy as mentioned earlier. Note
that, with the enhancement of the tilting parameter vt,
the Fermi level decreases monotonically. On the other
hand, DOS gets enhanced with vt and the correspond-
ing behavior of that, following the low energy spectrum
(Eq.(3)), is shown as a function of energy in Fig. 2(b). At
the Dirac point, ρ(E) vanishes and increases linearly with
energy similar to graphene37,38. Impact of these phe-
nomena on the period of oscillation of RKKY exchange
interaction is explained in the next section.
Now we briefly discuss the theoretical formalism for
investigating the RKKY exchange interaction in 2D elec-
tronic system. We consider two magnetic impurities (lo-
calized spins) at two different lattice sites of the bulk 2D
borophene sheet. The interaction term between the lo-
calized spins (Si) and the conduction electron spins (si)
is given by
Hint = J(S1 · s1 + S2 · s2) , (6)
where J is the bare exchange coupling strength. Using
second order perturbation theory, the exchange interac-
3E(eV )
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FIG. 2. (Color online) (a) A tilted, anisotropic Dirac cone
of 8-Pmmn borophene, in the vicinity of Dirac point kD, is
shown in the kx-ky plane. (b) The behavior of DOS (in arbi-
trary unit) is demonstrated near the Dirac point for different
values of the tilt parameter vt.
tion energy between the two localized spins can be writ-
ten in the Heisenberg form as
E(r) = Jαβ(r)S1 · S2 , (7)
where α, β indicate the atomic indices and r is the dis-
tance between the two impurities. Thus, the RKKY ex-
change interaction strength Jαβ(r) is given by
Jαβ(r) =
J2~2
4
χαβ(0, r) . (8)
where χαβ(0, r) is the susceptibility.
For a spin-degenerate system, susceptibility can be
written in terms of the unperturbed retarded Green’s
functions as17
χ(r1, r2) = − 2
pi
∫ EF
−∞
dE Im[G
(0)
αβ(r1, r2, E)G
(0)
βα(r2, r1, E)] ,
(9)
To compute the susceptibility, which is directly propor-
tional to RKKY exchange intercation, we need to evalu-
ate the zeroth-order real space Green’s functions. Since
in the large distance, contribution to χ arises mainly from
small momenta, one can extend the momentum cutoff
to ∞ to obtain the real space Green’s functions via the
Fourier transform. We compute them in the linear band
approximation and obtain
G
(0)
αβ(R, 0, E) =
1
ΩBZ
∫
d2k eik·RG(0)αβ(k, E)
=
1
ΩBZ
∫
d2q˜ eiq˜·R[eiK·RG(0)αβ(q˜+K, E)
+ eiK
′·RG(0)αβ(q˜+K
′, E)] , (10)
where the integration is performed over the entire Bril-
louin zone ΩBZ . Here, q˜ = (q˜x, q˜y) is small momentum
in the vicinity of the Dirac points, where the linear Dirac
spectrum is valid. As dq˜xdq˜y = dqxdqy, we can replace q˜
by q without loss of generality. We have also used the no-
tation (x, y) in place of (x˜, y˜). The factor
√
vx
vy
in Eq.(3)
has now been included in the tilting parameter vt for
simplicity. The unperturbed momentum space Green’s
function is given by,
G
(0)
αβ(k, E) = (E + iη −HD)−1
=
1
D
[
E + iη − ξvtqy (qx − iqy)vF
(qx + iqy)vF E + iη − ξvtqy
]
,(11)
with D = (E + iη − ξvtqy)2 − v2F q2, vF = √vxvy. Here,
ξ = ±1 indicates the two Dirac points K and K′.
III. RESULTS
In this section we present our analytical as well as nu-
merical results for different locations of the two magnetic
impurities inside the bulk of the 2D borophene sheet. In
general, it is a formidable task to obtain the analytical
expressions for the susceptibility when the two impurities
are anywhere in the x-y plane. However, we manage to
obtain the analytical form of RKKY exchange interaction
for the two special cases: (A) when the two impurities
are located perpendicular to the tilt axis and (B) parallel
to the tilt axis. Here, we clarify our notations used for
our analysis: χ11 denotes the susceptibility for the impu-
rities being on same type of atoms and χ12 for the differ-
ent types of atoms (one on ridge atom and the other on
inner atom (see Fig. 1)). It is worthwhile to mention that
when the impurities are on different atoms, they cannot
be exactly along x or y axis. However, such small off-axis
deviation along the tilt axis (y axis) or perpendicular to it
(x axis), does not change our results qualitatively, in the
continum limit. Note that, RKKY exchange interaction
strength is directly proportional to the susceptibility (see
Eq.(8)). Hence, we express the susceptibility as a mea-
sure of RKKY interaction strength in units of J2~2/4.
Also, we normalize the distance between the two mag-
netic impurities by corresponding lattice parameters i.e.,
Rx/a→ Rx and Ry/b→ Ry.
4A. Impurities are located perpendicular to the tilt
axis
When the two magnetic impurities reside perpendicu-
lar to the tilt axis (on the same atoms) of bulk borophene,
the integral in Eq.(10) can be computed analytically for
Ry = 0. This configuration has been indicated by golden
arrows in Fig. 1. In this case, the zeroth-order real space
Green’s function reads as
G
(0)
11 (Rx, 0, E)
=
1
ΩBZ
∫
dqx dqy
(E + iη − vtqyξ)eiqxRx
(E + iη − vtqyξ)2 − v2F (q2x + q2y)
=
−2piE
vF
(v2F − 2v2t )
(v2F − v2t )
3
2
K0(−iα˜)(eiK·R + eiK′·R) , (12)
with α˜ = ERx/
√
v2F − v2t . Here, K0(x) are the modified
Bessel function of first kind. Expressing the modified
Bessel function in terms of Bessel and Neumann function,
we obtain
Im[G
(0)
11 (Rx, 0, E)G
(0)
11 (0, Rx, E)] =
4pi2E2
Ω2BZ
v2F
(v2F − v2t )3
×Im[(K0(−iα˜))]2(2 + 2 cos{(Kx −K ′x)Rx}) . (13)
Henceforth, following the works of Saremi12 and Sher-
afati et al. 16,17, we separate the integration limit :∫ EF
−∞ =
∫ 0
−∞+
∫ EF
0
. The first integral indicates the va-
lence electrons (undoped case) and the second one is for
the conduction electrons. While the latter integral in-
volves Meijer G-function, former one does not converge.
Following the standard procedure12,17, the integrand can
be multiplied by a cutoff function f(α˜, α˜0)=exp (−α˜/α˜0).
Then one can perform the integral and takes limit α˜0 →
∞ at the end so that f(α˜, α˜0) → 1. Thus, we arrive at
the following form of the susceptibility:
χ11 =
1
piR3x
v2F
(v2F − v2t )
3
2
[1 + cos{(Kx −K ′x)Rx}]
×
[
1
16
− k
′
FRx
2
√
pi
M(k
′
FRx)
]
, (14)
where, k
′
F = EF /
√
v2F − v2t and
M(k
′
FRx)=G
2,0
1,3
(
3
2
1,1,1,− 12
∣∣∣ k′F 2R2x) is the Meijer G-
function. We have considered the first Brillouin zone
area as Ω = 4pi2/ab. Tilted anisotropic Dirac points
are at ~kD = (0, kD) and −~kD, kD = 0.29 × 2pib 30. It
is interesting to note that in case of borophene, the
oscillatory factor [1 + cos{(Kx − K ′x)Rx}] = 2. Hence,
the interference terms between the two Dirac points do
not contribute to the RKKY exchange interaction which
is evident from Eq.(14).
In Fig. 3, we demonstrate the behavior of susceptibility
χ11 (when impurities are on the same atom) as a function
of the distance Rx between the two magnetic impurities
and tilt parameter vt. The change in the periodicity of
χ11, with the enhancement of tilting parameter vt, is ev-
ident from Fig. 3(a). This feature can be understood
from Eq.(14) in which the Meijer G-function is the en-
tire source of the oscillation. As the period of oscillation
is inversly proportional to the argument k′FRx, it scales
with vt as τ(vt) = τ(0)/(1 − x2), where x = vt/vF and
τ(0) is the period of non-tilted and isotropic Dirac cone
i.e., graphene. As the tilting parameter increases, pe-
riod of oscillation increases monotonically. In the vt → 0
limit, τ(vt) comes back to the untilted period τ(vt = 0)
as expected. On the other hand, for vt → vF , the pe-
riod diverges indicating flatness of exchange interaction.
Hence, the internal band structure itself influences the
RKKY exchange (Friedel oscillation) due to tilting and
may be a way to probe the degree of tilting in anisotropic
2D Dirac materials. This is also one of the main results
of our paper.
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FIG. 3. (Color online) The behavior of the suscepibilities χ11
and χ12 is shown as a function of Rx in panels (a) and (b),
and as a function of vt in panels (c) and (d) respectively. We
choose the other parameters as vF = 1.0, Ry = 0, E
(0)
F = 0.5.
Black dashed line indicates the null susceptibility.
We also observe that there is a reduction in the am-
plitude of χ11 as vt increases (see Fig. 3(a)). The reason
can be attributed to the presence of vanishingly small
density of states near the Dirac point and lowering of
Fermi level with the rise of tilting parameter vt. Fur-
thermore, we explore the long distance and very short
distance limit of RKKY exchange interaction which can
be figured out from the asympototic behavior of Meijer
G-function. Using the standard tables39,40 and following
Ref. [17], we obtain
lim
y→0
M(y) =
4y2[1− 3γ − 3 ln(y/2)]
9
√
pi
, (15)
lim
y→∞M(y) =
[2 cos(2y) + 8y sin(2y)− pi]
8
√
piy
, (16)
where γ ≈ 0.577 is the Euler-Mascheroni constant.
5Therefore, we obtain the following form of the RKKY ex-
change interation in the long distance limit (k
′
FRx  1)
as
lim
k
′
FRx→∞
χ11(Rx) =
χL11
R3x
[pi − cos(2k′FRx)
−4k′FRx sin(2k
′
FRx)] , (17)
where χL11 = v
2
F /8pi
2(v2F −v2t )3/2. On the other hand, our
analytical results for the short distance limit (k′FRx  1)
reads
lim
k
′
FRx→0
χ11(Rx) =
χS11
R3x
[
1− 32(k
′
FRx)
3
9pi
(1− 3γ − 3 ln(k′FRx/2))
]
. (18)
where χS11 = v
2
F /16pi(v
2
F − v2t )
3
2 .
Here we present the results for the magnetic impurities
located on different atoms. One can obtain the Green’s
function extending the momentum cutoff to ∞ as
G
(0)
12 (Rx, 0, E)
=
1
ΩBZ
∫
dqx dqy
(qx − iqy)eiqxRx
(E + iη − vtqyξ)2 − v2F (q2x + q2y)
= − 2piE
ΩBZ(v2F − 2v2t )
K1(−iα˜)(eiK·R + eiK′·R)
− 2iξvtpiE
ΩBZ(v2F − 2v2t )
3
2
K0(−iα˜)(eiK·R − eiK′·R) (19)
Similar to χ11, the integrand is multiplied by a cutoff
function to evaluate the energy integral of the valence
electrons. Finally we obtain
χ12 = − 1
2piR3x
√
v2F − v2t
(
− 3
16
− k
′
FRx
2
√
pi
M˜(k
′
FRx)
)
×[1 + cos{(Kx −K ′x)Rx}]
− v
2
t
2piR3x(v
2
F − v2t )
3
2
(
1
16
− k
′
FRx
2
√
pi
M(k
′
FRx)
)
×[1− cos{Kx −K ′x)Rx}] , (20)
where M˜(k
′
FRx) = G
2,1
2,4
(
1
2 ,
3
2
1,2,0,− 12
∣∣∣ k′F 2R2x). In Eq.(20),
the second term vanishes for borophene (Kx = K
′
x = 0),
while in the first term, again the interference between the
anisotropic Dirac cones does not contribute to the RKKY
oscillations. Note that, both χ11 and χ12 recover the
similar form of graphene16,17 in the limit : vt = 0, vx =
vy = vF .
Behavior of χ12, as a function of Rx and vt, is de-
picted in Fig. 3(b). Here also the period of oscillation
increases with the increment of vt, similar to χ11. This
feature can be understood from Eq.(20) where the argu-
ment of Meijer G-function is proportional to vt. We also
explore the long distance (k
′
FRx  1) and short distance
(k′FRx  1) limit of χ12 employing asymptotic behavior
of Meijer G-function. We find,
lim
y→0
M˜(y) =
2y2
3
√
pi
, (21)
lim
y→∞M˜(y) =
[3pi − 10 cos(2y)− 8y sin(2y)]
8
√
piy
. (22)
Employing the above limits, we obtain the following an-
alytical forms of RKKY exchange interaction as
lim
k
′
FRx→∞
χ12(Rx) =
χL12
R3x
[3pi − 5 cos(2k′FRx)
−4k′FRx sin(2k
′
FRx)] , (23)
lim
k
′
FRx→0
χ12(Rx) =
χS12
R3x
[
1 +
16(k
′
FRx)
3
9pi
]
, (24)
with χL12 = 1/8pi
2
√
v2F − v2t and χS12 = 3/16pi
√
v2F − v2t .
The oscillatory behavior of χ11 and χ12 as a function
of vt is clearly visible from Figs. 3[(c)-(d)]. They exhibit
similar features for χ11 and χ12 with the variation of vt as
in both cases the period of oscillation depends on the tilt-
ing parameter. It is evident that due to R−3x dependency
(see Eq.(14) and Eq.(20)), amplitude of both χ11 and χ12
become vanishingly small as one gradually enhances the
distance between the two magnetic impurities.
It is important to note that, even without the tilting
parameter, the Fermi surface is anisotropic due to the
anisotropy in Fermi velocities (vx 6= vy). Effect of this
anisotropy, in the absence of tilting (vt = 0), on RKKY
exchange interaction is presented in Fig. 4. It is evident
that the effect of such simple anisotropic Fermi surface
on susceptibility (χ11 and χ12) is negligibly small. This
may be a possible way to distinguish between these two
kind of anisotropies (vt = 0 and vt 6= 0) by measuring
the RKKY interaction.
Rx Rx
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FIG. 4. (Color online) The behavior of the suscepibilities χ11
and χ12 are illustrated as a function of Rx with vt = 0 for both
anisotropic Fermi velocities and isotropic counterpart in panel
(a) and (b) respectively. The value of the other parameters
are chosen as Ry = 0, E
(0)
F = 0.5.
B. Impurities are aligned parallel to the tilt axis
Here, we present the analytical form of the suscepti-
bility in the limit Rx → 0 i.e., when the two magnetic
6impurities are situated along the tilt axis. This has been
illustrated by golden and dark green arrows in Fig. 1. We
proceed in the similar way as in the previous subsection
and obtain
χ11 = − 1
piR3yvF
∫ zF
−∞
dzz2
[
− cos
(
KyRy − vt
vF
z
)2
J0(z)Y0(z)
+
v2t
v2F
sin
(
KyRy − vt
vF
z
)2
J1(z)Y1(z)
]
, (25)
where, z = EvFRy/(v
2
F − v2t ) and zF = EF vFRy/(v2F −
v2t ).
χ12 = − 1
piR3yvF
∫ zF
−∞
dzz2
[
cos
(
KyRy − vt
vF
z
)2
J1(z)Y1(z)
− v
2
t
v2F
sin
(
KyRy − vt
vF
z
)2
J0(z)Y0(z)
]
. (26)
The explicit analytical form of both χ11 and χ12, after
performing the integration over energy, are very messy
and not possible to write in a compact form. Rather, we
present our results for them in Fig. 5 both as a function
of Ry and vt. We note that Fig. 5(a) is almost identical
to Fig. 5(b) and Fig. 5(c) is to Fig. 5(d). This feature can
be attributed to the fact that the Hamiltonian is written
in two atomic basis (two sublattice indices) of borophene
(tilted Graphene), which do not couple directly to the
magnetic moments. Such feature is in complete contrast
to the case of topological insulator22,24 in which the ac-
tual spin degree of freedom of the surface states directly
couples to the impurity spin moment.
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FIG. 5. (Color online) The behavior of the suscepibilities χ11
and χ12 is illustrated as a function of Ry in panels (a) and
(b), and as a function of vt in panels (c) and (d) respectively.
The value of the other parameters are chosen as vF = 1.0,
Rx = 0, E
(0)
F = 0.5.
We observe that the period of oscillation is almost con-
stant with vt, as can be seen from Fig 5(c). In this par-
ticular limit of Rx → 0, the interference among the Dirac
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FIG. 6. (Color online) The behavior of the susceptibilities χ11
and χ12 are depicted as a function of Rx in panels (a) and (b)
respectively. The value of the other parameters are chosen as
vF = 1.0, E
(0)
F = 0.5, Ry = 5 in panel (a) and Ry = 2 in
panel (b).
fermions from different Dirac points in the Brillouin zone
plays a crucial rule in determining the oscillatory nature
of RKKY exchange interaction. From Eqs.[(25)-(26)],
one can note that the period of oscillation depends both
on Ky and vt. As the tilting angles (velocity) lie in op-
posite directions for the two Dirac points K and K
′
, the
effect of tilting on RKKY exchange interaction, nullifies
each other due to destructive interference. Hence, the
period of oscillation does not vary with the enhancement
of vt. The latter behavior indicates that the interference
between the anisotropic Dirac cones dominates over the
effect of Fermi level in determining the overall period of
oscillation. Nevertheless, the amplitude of RKKY oscil-
lation decreases with the degree of tilting vt due to the
lowering of the Fermi level (see Eq.(5)). Although DOS
increases with the tilting parameter, however near the
Dirac points DOS is negligbly small and hence it con-
tributes negligibly in determining the amplitude of oscil-
lation, especially in the long distance limit where only
small momenta are important. The presence of inter-
fence among the Dirac points enhances the oscillation
frequency of both χ11 and χ12 compared to the previous
case (see Figs. 3[(a)-(b)]). Also, the oscillatory behavior
of RKKY exchange with enhanced frequency as a func-
tion of vt, is clearly visible from Fig. 5(c) and Fig. 5(d).
7C. Impurities are located in the x-y plane
In this subsection, we present our numerical results
when the two magnetic impurities are placed at arbitrary
positions in the x-y plane of the bulk 2D borophene sheet
i.e., Rx 6= 0 and Ry 6= 0. In this case, it is not possible
to obtain any kind of analytical form of the susceptibil-
ity. Hence, we compute the real space Green’s function
by numerically integrating over momenta and energy de-
grees of freedom. The corresponding results for χ11 and
χ12 are illustrated as a function of Rx for different val-
ues of the tilting parameter vt with Ry = 5 in Fig. 6(a)
and Ry = 2 in Fig. 6(b) respectively. It is apparent from
Fig. 6(a) (when two magnetic impurities are placed on
same atoms in the x-y plane) that the oscillations ap-
pear very rapidly as a function of Rx and manifest weak
dependence on the values of vt. These high frequency
rapid oscillations emerge due to the interference between
the two Dirac cones. This has been reported earlier for
other 2D Dirac systems14,16,20. The competition between
the enhancement of DOS and reduction of Fermi energy
with tilting parameter (see Eq.(5)), for arbitrarily placed
impurities, results in the non-monotonic variation of am-
plitude of oscillation as a function of vt in the short and
intermediate distance scale. This feature can be seen
from Fig. 6(a). However for large distance between the
two impurities, only small momenta contribute to the
RKKY exchange interaction and hence lowering of the
Fermi level controls the amplitude, resulting in mono-
tonic decrease of χ11 with tilting.
The behavior of the spin density oscillations, for two
magnetic impurities placed on different atomic sites in
the x-y plane, is shown in Fig. 6(b) choosing Ry = 2.
There is one notable difference between Fig 6(a) and
Fig. 6(b) is that in Fig 6(a), the oscillatory behavior as-
sociated with an envelope of the amplitude is prominent
while in Fig. 6(b) the period is larger. As the period of
oscillation is inversely proportional to the distance, for
very small distance, envelope of amplitude of the RKKY
exchange interaction decays (period becomes large) while
the oscillations are prominent for larger distances. More-
over, for the small separation of the impurities, χ12 ex-
hibits non monotonic behavior with vt. On the other
hand, for large distance (Rx > 5) χ12 decreases mono-
tonically with the tilting parameter vt which can again
be attributed to the effect of tilting on the Fermi level
and DOS.
IV. SUMMARY AND CONCLUSIONS
To summarize, in this article, we have explored the
effect of the tilted and anisotropic Dirac cones on the
RKKY exchange interaction in the bulk of a 8-Pmmn
borophene. We observe that the tilting of the Dirac
cones, for specific orientation of the impurities, mani-
fests itself with the significant reduction in the RKKY ex-
change interaction oscillation frequency. This feature can
be an indirect signature of the degree of tilting present
in tilted and anisotropic Dirac cone. We present our
analytical expressions for the susceptibility, in terms of
Meijer G-function, which is directly proportional to the
exchange interaction strength. We consider two special
cases: when two magnetic impurities are located perpen-
dicular to the tilt axis (x axis) and along the tilt axis (y
axis). In the former case, interference between the Dirac
cones does not contribute to the Friedel oscillations and
the period of oscillation increases with tilting parameter.
In contrast, for the impurities being along the tilt axis,
interference among the Dirac cones plays the dominant
role in determining the period of oscillation while the
tilting parameter exhibits negligible contribution. More-
over, due to opposite orientation of tilting of the Dirac
cones at the inequivalent Dirac points, the effect of tilting
originating from each Dirac point on RKKY exchange in-
teraction nullifies each other when the impurities reside
along the tilt axis. However, the amplitude of oscillation
decreases with the tilting parameter beacuse of lowering
of the Fermi level. We also separate out the effect of
simple anisotropy (vx 6= vy) on RKKY exchange inter-
action in absence of tilting (vt = 0) and show that such
anisotropy in Fermi surface exhibits negligible effect on
the response function in case of borophene. For arbitrar-
ily placed magnetic impurities in the x-y plane (neither
along nor perpendicular to the tilt axis), we evaluate our
results numerically and show rapid oscillations (beating
pattern) in susceptibility due to the interference between
the two Dirac cones and subdominant effects arising from
the tilt parameter.
As far as practical realization of our results are con-
cerned, it may be possible to deposit magnetic adatoms
such as Co or Fe on bulk borophene to study RKKY ex-
change interaction in it. However, these adatoms con-
sist of outermost s electrons, besides the d electrons
that act as essential magnetic moments, which can mod-
ify the exchange interaction. Moreover, one has to be
careful such that the band structure does not get mod-
ified significantly by these impurities. Nevertheless, a
simple molecule possessing localized magnetic moments
which interact via host material atoms and does not al-
ter the bulk band structure, can be deposited on 8-Pmmn
borophene and may be a possible testbed for our theo-
retical predictions.
Although we have focused on RKKY exchange interac-
tion in 8-Pmmn Borophene as our host material, qualita-
tively the results should be similar for any other 2D ma-
terials having tilted Dirac cone for e.g. tilted graphene,
organic conductor α-(BEDT− TTF)2I336,41 etc. Then
χ11 and χ12 would refer to the measure of RKKY ex-
change interaction (in units of J~2/4) corresponding to
impurities being placed on same sublattices and different
sublattices respectively.
Here, we emphasize that 8-Pmmn borophene is ide-
ally not a coplanar 2D Dirac material. Rather, it has a
finite thickness due to the two kinds of atoms being non-
coplanar. However, only those atoms located in a hexag-
8onal manner in a buckled structure contribute to the for-
mation of Dirac cones29. Therefore, the finite thickness
which we have neglected in our analysis, should manifests
negligible effect on the RKKY exchange interaction.
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